Abstract. This paper studies the generic behavior of k-tuple elements for k ≥ 2 in a proper group action with contracting elements, with applications towards relatively hyperbolic groups, CAT(0) groups and mapping class groups. For a class of statistically convexcocompact action, we show that an exponential generic set of k elements for any fixed k ≥ 2 generates a quasi-isometrically embedded free subgroup of rank k. For k = 2, we study the sprawl property of group actions and establish that the class of statistically convex-cocompact actions is statistically hyperbolic in a sense of M. Duchin, S. Lelièvre, and C. Mooney.
1. Introduction
Motivation and background. Suppose that a group G admits a proper and isometric action on a proper geodesic metric space (Y, d). The group G is assumed to be non-elementary:
it is not virtually cyclic. An element g ∈ G is called contracting if for some basepoint o ∈ Y , an orbit {h n · o : n ∈ Z} is a contracting subset, and the map n ∈ Z → h n o ∈ G is a quasiisometric embedding. Here a subset X is called contracting if any metric ball disjoint with X has a uniformly bounded projection to X (see [34, 8] ). It is clear that this definition does not depend on the choice of the basepoint.
The prototype of a contracting element is a hyperbolic isometry on Gromov-hyperbolic spaces, but more interesting examples are furnished by the following:
• hyperbolic elements in relatively hyperbolic groups or groups with nontrivial Floyd boundary (see [24, 25] ); • rank-1 elements in CAT(0) groups (see [4, 8] );
• certain infinite order elements in certain small cancellation groups (see [2] );
• pseudo-Anosov elements in mapping class groups of closed oriented surfaces with genus greater than two acting on Teichmüller space (see [34] ). In [49] , the second-named author proved that, for a class of statistically convex-cocompact actions defined below, the set X of contracting elements is exponentially generic in the ball model:
|X ∩ B n | |B n | → 1 exponentially fast, where B n := {g ∈ G : d(o, go) ≤ n}. Along this line, the goal of this paper is to continue the study of generic properties for ktuples of elements in G for a fixed k ≥ 2. To that end, we introduce a few more notations. We fix a basepoint o ∈ Y and denote |g| = d(o, go) for easy notation. Denote G (k) = {(u 1 , · · · , u k ) :
When k is understood, we write − → u for (u 1 , · · · , u k ), and | − → u | for max{|u i | : 1 ≤ i ≤ k}.
The asymptotic density of a subset X ⊆ G We shall be interested in the extreme cases µ(X) exp = 1 (resp. µ(X) = 1) which are called exponentially generic (resp. generic). By definition, the complement of an (exponentially) generic set is called (exponentially) negligible.
The generic property of k-tuple of elements has been studied using random walks in various class of groups with negative curvature. Let µ be a probability measure with finite support on the group G so that the support generates G as a semi-group. A µ-random walk is a product of a sequence of independent identical µ-distributed random variables on G. In our setting, Sisto [44] proved that the n-th step of a simple random rank lands on a contracting element with asymptotic probability one. In mapping class groups, this was obtained by Maher for pseudo-Anosov elements, and the most general result is, as far as we know, due to Maher and Tiozzo [33] for any non-elementary action on a hyperbolic space where random elements are being loxodromic. When k ≥ 2, Gilman, Miasnikov, and Osin [27] proved in hyperbolic groups that two simple random walks on the Cayley graph stay at a ping-pong position in n-steps with asymptotic probability one so that they generate an undistorted free group of rank 2. The same result holds in non-virtually solvable linear groups [1] and in mapping class groups [41, 46, 32] for two independent µ-random walks. In fact, most of these works are stated in a general class of groups with hyperbolic embedded subgroups called b Dahmani, Guirardel and Osin [13] and equivalently, the class of acylindrical hyperbolic groups in the sense of Osin [36] . It is worth pointing out that a proper action with a contracting element is acylindrical hyperbolic by a result of Sisto [44] . However, our first goal is to address the analogue of generic free subgroups using counting measure as above instead of probability measure from random walks.
In fact, studying the generic properties of k-tuple elements in a counting measure is not a new idea. In [17] , M. Duchin, S. Lelièvre, and C. Mooney initiated a study of sprawl property of pair of points in the space. The notion of statistical hyperbolicity is then introduced to capture negative curvature in a statistical sense. Roughly speaking, the intuitive meaning could be explained as follows: consider the annular set A(n, ∆) = {g ∈ G : ||g| − n| ≤ ∆} for ∆ > 0. On average, a random pair of points x, y on an annular set A(n, ∆) of the group has the distance d(xo, yo) nearly equal to 2n. We formulize this concept using both annuli and balls. d(x, y) n , if the limit exists. The action is called statistically hyperbolic in annuli (resp. in balls) if E A (G, ∆) = 2 for any sufficiently large ∆ > 0 (resp. E B (G) = 2).
Remark. In [17] this definition was introduced using annular model with ∆ = 0 in the Cayley graph of groups. Here we consider also the quantity E B (G) without involving the extra parameter ∆. In our results, we obtain E A (G, ∆) = E B (G) = 2 along the same line of proofs.
The non-examples include elementary groups, Z d for d ≥ 2, and the integer Heisenberg group for any finite generating set among the others (cf. [17] ). In the opposite, the exact value of E B (G) = 2 indeed happens for many groups with certain negative curvature from a point of view of coarse geometry. For instance, non-elementary relatively hyperbolic groups are statistical hyperbolic for any finite generating set (cf. [17, 35] ). Moreover, the statistical hyperbolicity is preserved under certain direct product of a relatively hyperbolic group and a group. And the lamplighter groups Z m ≀ Z where m ≥ 2 are statistical hyperbolic for certain generating sets [17] .
The notion of statistical hyperbolicity could be considered for any metric space with a measure as in [17] , rather than our definition using a counting measure. In this direction, it was proved in the same paper that for any m, p ≥ 2, the Diestel-Leader graph DL(m, p) is statistically hyperbolic. The statistical hyperbolicity for Teichmüller space with various measures was proved by Dowdall, Duchin and Masur in [15] .
The second goal of the paper is to generalize these results in a very general class of proper actions using counting measures from orbits in Definition 1.1. In what follows, we shall describe our results in detail.
Main results.
In order to expose our results, we first give a quick overview of the various classes of actions under consideration in this study. First of all, we consider the class of statistically convex-cocompact actions introduced in [49] which generalizes a convex-cocompact action in a statistical sense. Making this idea precise requires a notion of growth rate of a subset X in G:
It is clear that the value δ X does not depend on the choice of the basepoint. By abuse of language, a geodesic between two sets A and B is a geodesic between a ∈ A and b ∈ B.
be the set of element g ∈ G such that there exists some geodesic γ between B(o, M 2 ) and B(go, M 2 ) with the property that the interior of γ lie outside N M1 (Go).
Definition 1.2 (SCC Action). If there exist positive constants
The idea to define the set O M1,M2 is to look at the action of the fundamental group of a finite volume Hadamard manifold on its universal cover. It is then easy to see that for appropriate constants M 1 , M 2 > 0, the set O M1,M2 coincides with the union of cusp subgroups up to a finite Hausdorff distance. The assumption in SCC actions was called a parabolic gap condition by Dal'bo, Otal and Peigné in [14] . One of motivations of this study is to push forward the analogy between the concave set O M1,M2 and the (union of) parabolic cusp regions. This allows us to draw conclusions for the SCC actions through the analogy with the geometrically finite actions, which have been well studied in last twenty years.
Moreover, our study suggests considering a class of proper actions satisfying a more general condition introduced at the same paper [14] . The condition, reformulated below, is proved to be equivalent to the finiteness of Bowen-Margulis-Sullivan (BMS) measure on the geodesic flow of the unit tangent bundle of a geometrically finite Hadamard manifold in [14] , and later for any Hadamard manifold by Pit and Shapira [39, Theorem 2] . Definition 1.3 (DOP condition). The group action of G on Y satisfies the Dal'bo-Otal-Peigné (DOP) condition if there exist two positive constants M 1 , M 2 > 0 such that
Remark. We remark that, in the setting of negatively curved manifolds, the DOP condition is called positive recurrent by Pit and Shapira in [39] , whereas the notion of SCC actions is called strongly positive recurrent by Shapira and Tapie in [43] . We thank Rémi Coulon to bring these references to our attention.
The concept of the geodesic flow is non-applicable in a general geodesic metric space with negative curvature such as contracting property. However, the definition of the DOP condition could be always made, and so could be understood as substitute of finite BMS measures in a general metric space. One of Roblin's results [42, Théoreme 4.1] stated in the setting of a geometrically finite Hadamard manifold characterized the finiteness of BMS measures by a purely exponentially growth (PEG) of the action:
Hence, the class of proper actions with purely exponential growth should be viewed as equivalents of DOP conditions. We expect this relation persists in a very general setting, and remark that it is indeed true for the class of geometrically finite action on a δ-hyperbolic space in [48] (weaker than the setting of Roblin).
Our first main result establishes that generic k-tuple elements are the free basis of a free group with quasi-isometrically embedded property for the above two class of actions. 
Moreover, these free subgroups are quasiisometrically embedded with contracting images.
When the action is SCC, the above assumptions hold, and moreover, we can obtain an exponential convergence rate for the above conclusion. Theorem 1.5. Assume that a non-elementary group G admit a SCC action on a geodesic metric space (Y, d) with a contracting element. Then for any k ≥ 2, the set of all
for which u 1 , · · · , u k generate a free subgroup of rank k in G is exponentially generic in G (k) . Moreover, these free subgroups are quasi-isometrically embedded with contracting images.
A group generated by a finite set acts cocompactly on its Cayley graph, so our results apply for this particular case. A finitely generated subgroup H is called undistorted if the inclusion H ⊂ G is quasi-isometrically embedded with respect to word metrics. Corollary 1.6. Let G be a non-elementary group with a finite generating set S. If G has a contracting element, then the set of all
To illustrate consequences of previous results, we remark that the following examples of groups with contracting elements with respect to the Cayley graph:
(1) any relatively hyperbolic group G acts on a Cayley graph G (G, S) with respect to a finite generating set S. See [25] . (2) any group G with non-trivial Floyd boundary acts on a Cayley graph G (G, S) with respect to a finite generating set S. [25] . (3) the right-angled Artin (Coxeter) groups with respect to the standard generating set, if they are not virtually direct product. [5, 7, 12] . (4) the Gr'( 1 6 )-labeled graphical small cancellation group G with finite components labeled by a finite set S acts on the Cayley graph G (G, S). See [2] .
Thus, by Corollary 1.6, the list of these examples all have the generic free basis property. We remark that this result is even new in the class of relatively hyperbolic groups.
We next explain an application of Theorem 1.5 about surface group extensions. Let Mod(Σ g ) be the mapping class group of a closed oriented surface Σ g of genus g ≥ 2. Combining the results of Minsky [34] and Eskin-Mirzakhani-Rafi [19] we know that the action of Mod(Σ g ) on Teichmüller space T (Σ g ) is a SCC action with a contracting element. By Theorem 1.5, we obtain the exponential genericity of k-tuple elements (u 1 , u 2 , · · · , u k ) being free basis in the counting measure from Teichmüller metric. Denote Γ := u 1 , u 2 , · · · , u k . Marking a point p ∈ Σ g , the Bireman exact sequence in [9] gives an extension E Γ in Mod(Σ g , p) of the surface group π 1 (Σ g , p) by Γ as follows
We refer the reader to the reference [20] for related facts about Mod(Σ g ) and T (Σ g ).
In [21] , Farb and Mosher studied when the extension is a hyperbolic group and showed that, when Γ is a Schottky group, this is equivalent to the quasiconvexity of Γ-orbits in T (Σ g ).
In Theorem 1.5, the quasi-isometrically embedded image of the free group Γ are contracting and thus quasiconvex in the sense of Farb and Mosher. Thus, by [21, Theorem 1.1], the free group Γ is convex-cocompact in their sense, so the following result holds. Theorem 1.7. The set of k-tuples of elements (u 1 , u 2 , · · · , u k ) in Mod(Σ g ) with the hyperbolic extension in Mod(Σ g , p) is exponentially generic.
Our second main result obtains the statistical hyperbolicity for the exact class of actions as in Theorem 1.4, and in particular for statistically convex-cocompact actions. Theorem 1.8. Let a non-elementary group G act properly on (Y, d) with a contracting element satisfying DOP condition and purely exponentially growth. Then G is statistically hyperbolic in balls and annuli. In particular, if the action is SCC, then G is statistically hyperbolic in balls and annuli Remark. Motivated by the distinction between SCC action and a general proper action, one may wonder whether there is a significant convergence rate of E A (G, ∆) or E B (G) under SCC actions. This is, however, not true even in free groups: a simple computation as Example 4.2 shows that the convergence rate is of order 1 n . Hence, we have no assertion on the convergence speed.
Except the class of SCC actions, the action of discrete groups on CAT(-1) spaces provides a source of examples with DOP condition and purely exponential growth. For example, combining [42] and [39] we obtain that the finiteness of the Bowen-Margulis-Sullivan measure on the geodesic flow is equivalent to either have purely exponential growth or satisfy the DOP condition. Hence, we obtain the following corollary. Theorem 1.9. Suppose that the Bowen-Margulis-Sullivan measure on the unit tangent bundle of a Hadamard manifold is finite. Then the fundamental group action on the universal covering is statistically hyperbolic in balls and annuli. Moreover, the generic pair of elements generate a free group of rank 2 with uniform quasi-isometric embedding.
If a hyperbolic n-manifold for n ≥ 2 is geometrically finite, then the BMS measure is always finite [45] . We thus have the following corollary in Kleinian groups, which seems to be not recorded in literatures. Note that examples of non-geometrically finite Kleinian groups with finite BMS measures are constructed for n ≥ 4 by Peigné in [38] . For the action of mapping class groups on Teichmüller space, we then have the following corollary, which could be thought of as a discrete analogue of the result in [15] . Of course, the action of a group on the Cayley graph is SCC, so if there exists a contracting element, then it is statistically hyperbolic. This allows us to give new examples of groups with statistically hyperbolic property in the original sense [17] . Corollary 1.12. The following classes of groups are statistically hyperbolic with respect to word metrics.
(1) a Gr'( 1 6 )-labeled graphical small cancellation group G with finite components labeled by a finite set S acts on the Cayley graph G (G, S) with respect to the finite generating set S.
(2) Right-angled Artin (Coxeter) groups are statistically hyperbolic with respect to the standard generating set, if they are not virtually direct product.
We point out that it is not clear to us whether the above two classes of groups are statistically hyperbolic for every generating set. Note that they include non-relatively hyperbolic examples of groups (cf. [6, 30] ). Hence, it would be interesting to know to which extent the statistical hyperbolicity for every generating set characterizes the class of relatively hyperbolic groups.
The structure of this paper Section 2 discusses the notions and relevant facts of contracting elements, SCC actions and the DOP condition. The main technical contribution is given in Section 3 and provides useful characteristics of several negligible sets. In Section 4, a generic set of elements is then singled out to complete the proofs of Main Theorems.
Preliminaries
In this section, we will introduce some preliminaries. First we fix some notations and conventions.
2.1. Notations and Conventions. Let (Y, d) be a proper geodesic metric space. The r neighborhood of a subset X ⊆ Y is denoted by N r (X). We denote X by the diameter of a subset X ⊆ Y and d Haus (X 1 , X 2 ) by the Hausdorff distance of two subsets X 1 , X 2 ⊆ Y . Given a point y ∈ Y , and a subset X ⊆ Y , let Π X (y) be the set of point
The path γ in Y under consideration is always assumed to be rectifiable with arc-length parametrization [ Given a property (P), a point z on γ is called the entry point satisfying (P) if |[γ − , z] γ | is minimal among the points z on γ with the property (P). A point w on γ is called the exit point satisfying (P) if |[w, γ + ] γ | is minimal among the points w on γ with the property (P).
A path γ is called a (λ, c)-quasi-geodesic for λ ≥ 1, c ≥ 0 if the following holds
for any rectifiable subpath β of α. Let β, γ be two paths in Y . Denote by β · γ (or simply βγ) the concatenated path provided that
Let f, g be real-valued functions with domain understood in the context. Then f ≺ ci g means that there is a constant a > 0 depending on parameters c i such that f < ag. The symbols ≻ ci and ≍ ci are defined analogously. For simplicity, we shall omit c i if they are universal constants.
We say a sequence {a n } ⊆ R of numbers converges to a number λ ∈ R exponentially fast, denoted by a n exp → λ, if |λ − a n | ≤ cθ n for some constant θ ∈ (0, 1) and a positive constant c > 0.
Remark.
(1) It is clear that the (exponential) genericity is preserved by taking any finite intersection and finite union. This fact shall be often used implicitly.
(2) If X is exponentially negligible, then δ X < δ G , by which we call X growth tight in [47] .
Note that if G has purely exponentially growth, then a growth tight set is exponentially negligible. In this paper, the group actions under consideration always have purely exponentially growth, so we do not distinguish these two notions.
Contracting Property.
We fix a preferred class of quasi-geodesics L, which contains at least all geodesics in Y .
A collection of κ-contracting subsets is referred to as a κ-contracting system (with respect to L).
We first note the following examples in various contexts.
Examples 2.2.
(1) Quasi-geodesics and quasi-convex subsets are contracting with respect to the set of all quasi-geodesics in hyperbolic spaces. Convention 2.3. In view of the above examples, the preferred collection L in the sequel will always be the set of all geodesics in Y .
The notion of a contracting subset is equivalent to the following one considered by Minsky [34] . The proof given in [8, Corollary 3.4] for CAT(0) spaces is valid in the general case. In this paper, we will always work with the above definition of the contracting property. We collect some properties of contracting sets that will be used later on. The proof is straightforward and is left to the interested reader.
Lemma 2.5. Let X be a contracting set.
(1) (Quasi-convexity) X is σ-quasi-convex for a function σ : R ≥0 → R + : given r ≥ 0, any geodesic with endpoints in N r (X) lies in the neighborhood N σ(r) (X). (2) (Finite neighborhood) Let Z be a set with finite Hausdorff distance to X. Then Z is contracting. (3) there exists a constant C > 0 such that for any geodesic segment γ,
In most situation, we are interested in a contracting system X with a ν-bounded intersection for a function ν : R ≥0 → R ≥0 if the following holds
for any r ≥ 0. This property is, in fact, equivalent to a bounded projection property of X: there exists a constant B > 0 such that
See [47] for further discussions. An infinite subgroup H < G is called contracting if for some (hence any by [49 
An element h ∈ G is called contracting if the subset h o is contracting, and the orbital map n ∈ Z → h n o ∈ Y is a quasi-isometric embedding. The set of contracting elements is preserved under conjugacy.
Let H be a contracting subgroup. We define a group E(H) as follows:
For a contracting element h, we have the following result about
Lemma 2.6. Assume that G acts properly on (Y, d). For a contracting element h, the following statements hold:
(
and E(h) is a contracting subgroup with bounded intersection.
The contracting subset Ax(h) := {f · o : f ∈ E(h)} shall be referred to as the axis of h. In the following discussion, so we denote A = Ax(h) for simplicity.
Lemma 2.7. For any C > 0, let γ be a geodesic with interior dose not meet N C (A). Then
In particular, if C is a contracting constant of A, then we have Π NC (A) (γ) ≤ 3C.
Proof. For any x / ∈ N C (A), it is sufficient to prove
Lemma 2.8. Let C > 0 be the contraction constant of A and α, β be two geodesics with the same initial endpoint. If x is the entry point of α into N C (A) and
Proof. If β ∩ N C (A) = ∅, then let y ∈ β be the entry point of β in N C (A) = ∅. We have
which proves the lemma.
Since gN C (A) = N C (gA) for every g ∈ G, the following lemma is a consequence of Lemma 2.6, Lemma 2.7 and Lemma 2.5. Lemma 2.9. For any C ≥ 0, the collection X = {gN C (A) : g ∈ G} is a contracting system with bounded projection.
2.3. Admissible Path. Let X be a contracting system with a bounded intersection property. The following notion of an admissible path will be used to obtain a quasi-geodesic path.
Definition 2.10 (Admissible Path
γ is a concatenation of geodesic subpaths p 0 q 1 p 1 · · · q n p n (n ∈ N)(p 0 , p n could be trivial), the endpoints of p i are in some X i ∈ X for each i, and satisfies the following called Long Local and Bounded Projection properties: (LL1) Each p i has length bigger than D, except that (p i ) − = γ − or (p i ) + = γ + ; (BP) For each X i , we have max{ Π Xi (q i ) , Π Xi (q i+1 ) } ≤ τ , where q 0 := γ − and q n+1 := γ + by convention; (LL2) Either X i = X i+1 have R-bounded intersection or q i+1 has length bigger than D.
We need the following result from [47, Corollary 3.2].
Proposition 2.11. Let κ be the contraction constant of X. For any τ > 0, there are constants
We refer the reader to [47, 49] for further discussions about admissible path.
2.4. SCC actions and barrier-free elements. We recall the notion of a barrier-free element from [49] .
Definition 2.12. Fix constants ν, M > 0.
(1) Given ν > 0 and g ∈ G, we say that a geodesic γ contains an (ν, g)-barrier if there exists a element z ∈ G so that
If no such z ∈ G exists so that (2) holds, then γ is called (ν, g)-barrier-free.
We have chosen two parameters M 1 , M 2 so that the definition of a statistically convexcocompact action 1.2 is flexible and easy to verify. It is enough to take M 1 = M 2 = M in our use. Henceforth, we set O M := O M,M for easy of notation. When the SCC action contains a contracting element, the definition is independent of the basepoint (see [49] ).
Given ν, M > 0 and any g ∈ G, let V ν,M,g be the collection of all (ν, M, g)-barrier-free elements of G. The following results will be key in next sections. It is easy to see from the proof of [49, Corollary 4.5] that the following conclusion holds in a general proper action. Proposition 2.14. Suppose that a group G acts properly on a proper geodesic space (Y, d) with a contracting element, then for any M > 0, there exists ν = ν(M ) > 0 so that
2.5. The DOP condition. This subsection collects several useful consequences of the Dal'boOtal-Peigné condition. For any 0 ≤ n 1 ≤ n 2 , we consider the following annulus-like set
Usually, we consider the (ρ, ∆)-annulus A([ρn, n], ∆) for ρ ∈ [0, 1]. For simplicity, we write A([ρn, n]) if ∆ = 0, and assume that ρn are integers.
Observe that
for any ∆ > 0. Indeed, this follows from the fact that any g ∈ O M1,M2 is contained in a uniform number of annular sets A(n, ∆) where n ≥ 1. Consequently, (4)
Thus, if G admit a SCC action on Y , then the action satisfies the DOP condition. We remark that the formula (4) turns out to be true for any proper action of G on (Y, d) with a contracting element: the methods in [49] can be invoked to prove (4). This generality is not used here and so the details are left to interested reader.
For any ∆ > 0, let
The following elementary lemma will be needed in the next section.
Lemma 2.15. Assume that the proper group action satisfies the DOP condition. For any 1 > ε > 0 and any ∆ > 0, we have
lim n→∞ ǫn≤l≤n l1+l2+l3=l l1,l2,l3≥0
When the action is SCC, the convergence is exponentially fast.
Proof. By definition of the DOP condition, we obtain
from the formulae (3) and (4) . By the Cauchy criterion of series, we know lim n→∞ εn≤l≤n
where the convergence is exponential fast when the action is SCC. The first statement (1) thus follows from the following
By Proposition 2.14, we have
|V h m (n, ∆)| exp(−nδ G ) < ∞, where the partial sum converges exponentially fast when the action is SCC. The second statement then follows from the convergence of the Cauchy product of three convergent series. The proof is finished.
At last, we introduce a slightly general notion of negligibility using (ρ, ∆)-annulus. Fix a number ρ ∈ (0, 1] and ∆ > 0. We say that a set K ⊂ G is negligible in the (ρ, ∆)-annulus if the following holds
If the convergence is exponentially fast, it is exponentially negligible.
The following lemma clarifies its role in proving the genericity in the next sections. It follows immediately from the purely exponential growth.
Lemma 2.16. Assume that the proper group action has purely exponential growth. For any 0 < ρ < 1, we have |A([ρn, n])| ≍ ρ exp(δ G n) and
Hence, in order to prove that a set K is (exponentially) negligible in G, we can assume that K ⊂ A([ρn, n]) to simplify the discussion for a certain choice of ρ ∈ (0, 1). That is to say, we only need to prove that K is (exponentially) negligible in (ρ, ∆)-annulus. And, it turns out that the proof of (5) for ρ = 1 is much more simple than that for ρ ∈ (0, 1). Therefore, we shall consider the big annulus instead of the usual one in next sections.
The same consideration applies in the case of G (2) where K is assumed to be in A([ρn, n]) × A([ρn, n]).
Negligible subsets
Throughout this section, let G admit a proper action on a proper geodesic metric space (Y, d) with a contracting element. If the group action satisfies the DOP condition, then we take ν, M > 0 to satisfy the definition of DOP condition and Proposition 2.14. When the action is SCC, the constants ν, M > 0 are given by Proposition 2.13. We denote
The goal of this section is to provide some negligible sets under the above assumptions. Moreover, these are exponentially negligible when the group action is SCC. We suggest that the reader only reads the definition of these sets first and then read the proof of the theorems in next section, finally return to the proof that these sets are negligible.
In all results obtained in what follows, we assume in the DOP case and have in the SCC case by Proposition 2.13 that G has purely exponentially growth:
for any ∆ ≫ 0. We fix such a constant ∆. This estimate will be used implicitly several times.
3.1.
Elements with definite barrier-free proportion. This subsection defines three negligible subsets of elements with definite proportion with(out) certain properties.
For any ε ∈ (0, 1), let U (ε) be the set of elements u ∈ G such that some geodesic α = [o, uo] contains a subsegment α ε of length ε|u| outside N M (Go). That is to say,
If the action has PEG and satisfies the DOP condition, then for any ε ∈ (0, 1) and 1 ≥ ρ > ε, we have U (ε) is negligible in (ρ, ∆)-annuli. Moreover, if the action is SCC, then U (ε) is exponentially negligible.
Proof. Assume first that the group action satisfies the PEG and DOP condition. Among those, we consider the first maximal open segment (x, y) α of α which lies outside N M (Go) and whose length is bigger than εk ∈ [ερn, n]. According to the length and the position of (x, y) α , we subdivide U (ε) ∩ A([ρn, n]) into a sequence of subsets as follows.
For 0 ≤ i ≤ (1 − ε)n, ερn ≤ l ≤ n, define U l i to be the set of element g ∈ U (ε) ∩ A([ρn, n]) such that the segment (x, y) α ⊆ α defined as above satisfies d(o, x) = i and d(x, y) = l. Then we have the following decomposition,
Set ∆ = 2M . We assumed that G has purely exponential growth, so
We thus obtain
Therefore, the negligibility of U (ε) follows from Lemma 2.15.
If the group action is SCC, then there exists 0 < δ O < δ G such that |O M (l, ∆)| ≺ ∆ exp(lδ O ). The above computation goes without changes, and so we get
Hence, in this case, U (ε) is exponentially negligible.
Let h ∈ G be a contracting element with the axis Ax(h) = E(h) · o, where E(h) is the maximal elementary subgroup given in Lemma 2.6.
Given ε ∈ (0, 1) and C > 0, consider the following set of elements g ∈ G such that an ǫ-percentage of [o, go] is contained in some translate of Ax(h).
Lemma 3.2. Assume that the action has PEG. For any 0 < ε < ρ ≤ 1 and C > 0, we have
Proof. Since h ∈ G is contracting, and by definition, i → h i o is a quasi-isometric embedding, we have | h ∩ B n | ≍ n. By Lemma 2.6, we have [E(h) : h ] < ∞, so the following holds
As before, we want to show lim
Thus, we have f ∈ A(i, C) and d(o, ko) ≤ εj + 2C ≤ εn + 2C, which yields that k ∈ E(h) ∩ B εn+2C . Consequently, we can write g = f k((f k) −1 g) where (f k) −1 g ∈ B n−i−ερn+C . This gives the following
Since G has purely exponentially growth, we have the following estimate:
which clearly concludes the proof of the result.
We now introduce the third negligible sets of elements which have a fixed percentage being barrier-free. To be precise, we need a bit more notation. Let α be a geodesic and ε 1 ≤ ε 2 ∈ [0, 1]. We denote by α [ǫ1,ǫ2] the subsegment α([ε 1 n, ε 2 n]) of α, where n = |α|.
Given 0 < ε 1 < ε 2 < 1 and h ∈ G, we define
Lemma 3.3. Fix ρ ∈ (0, 1], and choose any ε 1 < ε 2 ∈ (0, ρ) so that ε 2 ρ ∈ (ε 1 , ε 2 ). Let h be any element. If our group action satisfies the DOP condition and PEG, then
Moreover, if the action is SCC, then V (ε 1 , ε 2 , h) is exponentially negligible in G.
Proof. By Lemma 2.16, it suffices to prove that
, and thus is (ν, h)-barrier-free. We now subdivide our discussion into three cases, the first two of which could be viewed degenerate cases of the third one. However, we treat them separately in order to illustrate the idea of the latter one.
Case 1. Assume that x, y ∈ N M (Go) so there exists u, v ∈ G such that
Clearly we have,
Therefore, setting ∆ = 2M , we obtain that g = u(u −1 v)(v −1 g) lies the following set
Case 2. Assume that one of {x, y} lies outside N M (Go). Let's assume first that x ∈ N M (Go), y / ∈ N M (Go), so there exists u ∈ G such that d(x, uo) ≤ M . Consider the maximal open segment (y 1 , y 2 ) of α which contains y but lies outside N M (Go). Hence, there exists
Similarly as above, we have that
where s ∈ [ε 1 n, ε 2 ρn] and t ∈ [ε 2 ρn, k]. Similarly, when x / ∈ N M (Go) and y ∈ N M (Go), we obtain
where i ∈ [0, ε 1 n], j ∈ [ε 1 n, ε 2 ρn]. Case 3. We now consider the general case that x, y / ∈ N M (Go). Recall that ε = ε 2 ρ−ε 1 . By Lemma 3.1, the set U (ε) is negligible. Without loss of generality, we can assume that g / ∈ U (ε). This implies that [x, y] 
Hence, consider the maximal open segments (x 1 , x 2 ) α , (y 1 , y 2 ) α of α outside N M (Go) which contain x, y respectively. Since [x, y] α ∩ N M (Go) = ∅, these two intervals are disjoint.
Denote
. By the same reasoning as in the previous two cases, we have
. We look at the index set
over which, we define
Combining (10), (11) and (12), we have the following decomposition
up to a negligible set U (ε).
To conclude the proof, it remains to show that the right-hand set in (13) is negligible. For that purpose, we consider a triple of lengths (l 1 , l 2 , l 3 ) with l 1 + l 2 + l 3 = l ∈ [εn, n]. We observe that there are at most (
In fact, we can choose some i ∈ [0, ε 1 n] first, and once i is fixed, then j, s, t are all determined by the triple (l 1 , l 2 , l 3 ). However, the choice of i can only change from ε 1 n − l 1 to ε 1 n, so we have at most l 1 + 1 many (i, j, s, t) ∈ Λ falling in the same triple (l 1 , l 2 , l 3 ).
For each V (i,j),(s,t) with j − i = l 1 , s − j = l 2 , t − s = l 3 , we have the following estimate:
where we used |B n−t+∆ | ≍ exp((n − t)δ G ) since the action has purely exponential growth. Since the indexes (i, j, s, t) ∈ Λ can be grouped according to the triple (l 1 , l 2 , l 3 ), we obtain
This tends 0 as n → ∞ by Lemma 2.15(2). We conclude that V (ε 1 , ε 2 , h)∩A([ρn, n]) is negligible. When the action is SCC, the above inequality tends to 0 exponentially fast. The proof of the result is complete.
3.2.
Negligible pairs of elements. The goal of Theorem 1.4 is to show a random pair (u 1 , u 2 ) ∈ G (2) generates a free group of rank 2. We now define two negligible sets of 2-tuples (u 1 , u 2 ) ∈ G (2) , whose properties shall fail to be a free basis. For any u ∈ G, let α = [o, uo] be any geodesic with length parametrization α(t). Define α = [o, u −1 o] to be the geodesic with parametrization α(t) := u −1 α(|u| − t). Given 0 < ε 1 < ε 2 < 1 and C > 0, let Z(ε 1 , ε 2 ) be the set of u ∈ G such that for some α = [o, uo], one of the following holds:
(1) α intersect the C neighborhood of the subsegment α [ε1,ε2] of α or (2) α intersect the C neighborhood of the subsegment α [ε1,ε2] of α. In other words,
Lemma 3.4. Let 0 < ε 1 < ε 2 ≤ 1 − ε 1 < ρ < 1 and C > 0. If our group action satisfies the DOP condition and purely exponential growth, then Z(ε 1 , ε 2 , C) is negligible in (ρ, ∆)-annuli in G. Moreover, if the action is SCC, then Z(ε 1 , ε 2 , C) is exponentially negligible in G.
satisfying the condition in the definition of Z(ε 1 , ε 2 ). Denote j = |u| and then ρn ≤ j ≤ n.
Without loss of generality, assume that
We follow a similar analysis as in the proof of Lemma 3.3. Case 1. Assume that x, y ∈ N M (Go), so there exist v, w ∈ G such that
We can now write
which implies v −1 uw ∈ A(j − 2i, 2M + C). Noting that v ∈ A(i, M ), the set of elements u in this case belongs to the following set 
Hence, we can also write
Consider the maximal open segment (x 1 , x 2 ) α (resp. (y 1 , y 2 ) α ) of α (resp. α) which contains x (resp. y) but lies outside N M (Go). Then there exist v, w ∈ G such that d(x 1 , vo) ≤ M, d(y 1 , wo) ≤ M . Similar argument as above we have the following conclusion: we can write
j+2M+C . Set ∆ = 2M + C. Summarizing the above three cases, we have
where the last line used
which follows from the purely exponentially growth. This shows that 
Lemma 3.5. For any 0 < ε 1 < ε 2 ≤ 1 − ε 1 < ρ < 1 and C > 0, if our group action satisfies the DOP condition and PEG condition, then
Proof. Since the union of two (exponentially) negligible sets is (exponentially) negligible, without loss of generality, we can assume that for all (u 1 , u 2 ) ∈ T (ε 1 , ε 2 , C), we have
Choose 1 − ε 1 < ρ < 1. By Lemma 2.16, we can assume further that (u 1 , u 2 ) belongs to
, there exists i ∈ [ε 1 n 1 , ε 2 n 1 ] so that β ∩ N C (α(i)) = ∅. Denote x = α(i) and ∆ = C + 2M . We proceed by a similar argument as before.
Note that n 1 ∈ [ρn, n]. In this case, we bound by above the number of elements (u 1 , u 2 ) as follows
so these pairs (u 1 , u 2 ) ∈ T (ε 1 , ε 2 ) are exponentially negligible.
Case 2. Otherwise, consider the maximal open segment (
Then (u 1 , u 2 ) can be written as (v 1 (v
Hence, we have the upper bound on pairs (u 1 , u 2 ) of the second case as follows
Therefore, in this case, we have proved the negligibility of T (ε 1 , ε 2 ). The proof is complete.
The proof of the Theorems
This section is devoted to the proof of the theorems of this paper.
4.1. Generically free subgroups. Let Λ > 0. Denote by F (k) by the set of k-tuples
such that (1) u 1 , u 2 , · · · , u k is a free group of rank k consisting of contracting elements except the identity, (2) the map h ∈ u 1 , u 2 , · · · , u k → ho ∈ Y is a (Λ, 0)-quasi-isometrically embedded map.
Let F(u 1 , · · · , u k ) be the free group generated by the k-tuple {u 1 , · · · , u k }. In order to prove that F (k) is generic in G (k) , the idea is to construct a generic subset E ⊆ G (k) , such that for any − → u = (u 1 , · · · , u k ) ∈ E and any nontrivial freely reduced word W ∈ F(u 1 , · · · , u k ), we can construct an admissible path from o to W o that satisfies the conditions of Proposition 2.11 and thus the path is a quasi-geodesic by the same proposition. This then concludes the proof of Theorem 1.4.
To be clear, we fix some notations and constants at the beginning (the reader is encouraged to read the proof first and return here until the constant appears).
Setup
(1) We denote by C > 0 the contraction constant for the contracting system {gAx(h) : g ∈ G}. Assume that C satisfies Lemma 2.5 as well. (2) Let X = {gN C (A) : g ∈ G} be the contracting system of Lemma 2.9 with contraction constant κ. We denote X = N C (A). This can be done since h is a contracting element, then we have n ∈ Z → h n ∈ G is a quasi-isometric embedding map of Z → G.
We refer the reader to the definitions of the set V (2ε, 1 − 2ε, h m ) in (9), the set W (ε, C) in (8), the set Z(ε, 1 − ε, C) in (14) and the set T (ε, 1 − ε, C) in (15) .
satisfying the following conditions is generic.
∈ T (ε, 1 − ε, C) for i = j ∈ {1, 2, . . . , k}. When the action is SCC, the set E is exponentially generic.
Proof. It suffices to show that the set of − → u ∈ G (k) in each statement as above is generic. It is clear that our choice of ρ, ε satisfy all the condition of the lemmas in Section 3. Hence the assertion (1) is given by Lemma 2.16. The assertion (2) is a consequence of Lemmas 3.3, 3.2 and 3.4 together. And the assertion (3) follows from Lemma 3.5. Now we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. For notational simplicity, we give the proof for k = 2. Let E be the subset of G × G provided by Lemma 4.1. It suffices to show that E in contained in F (2) . Fix a choice (u 1 , u 2 ) ∈ E. We choose a geodesic α = [o, u Let W be a non-trivial freely reduced word in F(u 1 , u 2 ). We shall prove that the evaluation of the word W in G gives a non-trivial contracting element. For this purpose, we can assume without loss of generality that W is cyclically reduced so that the bi-infinite word W ∞ = · · · W · W · W · · · is reduced, written explicitly as
where each x j ∈ {u 1 , u 2 , u −1
2 }. Associated with the bi-infinite word W ∞ , we construct a bi-infinite path γ as a concatenation of geodesic segments γ j for j ∈ Z as follows:
where γ 0 = [o, x 0 o] and for j ≥ 1, γ j is the x 1 · · · x j−1 -translate of α or β depending on x j . We now describe a procedure to convert the path γ to be an admissible path by truncating certain subpaths.
Since
. Let v j , w j be the entry and exit point of γ j into N C (g j A) = g j X respectively. We must have
follows from the definition of W (ε, C). In other words, the subsegment [v j , w j ] γ j of γ j is contained in g j X by Lemma 2.5. We now truncate the subpath [v j−1 , γ j − ] · [γ − , w j ] from γ and replace it with a geodesic. The resulting path is given as follows
where [w j−1 , v j ] is a choice of geodesic between w j−1 and v j for any j ∈ Z.
By Lemma 2.9, X = {gN C (A) : g ∈ G} is a contracting system with bounded projection. In the following claim, we shall consider the admissible path associated with {g j X : j ∈ Z}.
Claim β is an (D, τ )-admissible path.
Proof of Claim. First of all, we have v j , w j ∈ g j X and d(v j , w j ) ≥ |h m | − 2ν ≥ D, thus the condition (LL1) is satisfied.
Recall that W ∞ is a freely reduced word over {u 1 , u 2 , u −1
2 }, so the pair of any two adjacent letters (x j , x j+1 ) does not belong to Z(ε, 1 − ε, 4C) and
For simplicity, we write X j := g j X j . Using Lemma 2.8, we have
Thus, by Lemma 2.7 we obtain Π Xj ([w j , γ By Proposition 2.11, we know that β is a (Λ, 0)-quasi-geodesic and it is contracting. Thus, every non-trivial freely reduced word gives a non-trivial contracting element so u 1 , u 2 is a free group of rank 2.
This implies that u 1 , u 2 generates a free group of rank 2 consisting of contracting elements such that the orbital map is (Λ, 0)-quasi-isometrically embedded. This concludes the proof of Theorem 1.4.
Proof of Theorem 1.5. If a non-elementary group G admit a proper SCC action on (Y, d) with a contracting element, then the corresponding set defined in Lemma 4.1 is exponentially generic since these sets provided in Section 3 are exponentially negligible. Therefore, F (k) is exponentially generic in G (k) .
Statistical hyperbolicity.
Proof of Theorem 1.8 for Annuli Case. Choose any 0 < ε < 1. Let
Then By Lemma 3.1, 3.3 and 3.2 together, we have lim n→+∞ |E∩A(n,∆)| |A(n,∆)| = 0 for some ∆ > 0. Now we fix such a ∆.
For any x ∈ A(n, ∆) \ E, we fix a geodesic α = [o, xo], and consider the following set for each x. Set n 1 = |x|, then n−∆ ≤ n 1 ≤ n+∆. We carry out the same analysis as in the proof of Lemma 3.5 to bound |K x |: given any element z ∈ K x of length n 2 , if α(i) intersect N M (Go) for some εn 1 ≤ i ≤ 4εn 1 , then we can write (x, z) as (v 1 (v Since ε is arbitrary, we have E A (G, ∆) = 2.
Proof of Theorem 1.8 for Ball Case. The proof is almost identical to that in annuli case. We only point out the difference in the proof. Choose any 
